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Prefacio

En economia empirica y econometria, el investigador esta interesado en evaluar el efecto de
una politica. El principal problema que enfrenta es como construir un contrafactual vélido.
El estandar de oro para la inferencia causal es a través de un experimento controlado aleato-
rio. Sin embargo, en muchos casos, los experimentos siguen siendo dificiles o imposibles de
implementar, por razones financieras, politicas o éticas.

El investigador utiliza una amplia variedad de estrategias para tratar de obtener una
inferencia causal a partir de datos observacionales. Un método muy popular es el método de
control sintético (SCM, por sus siglas en inglés), que esencialmente aproxima el contrafac-
tual de la unidad tratada como una combinacién convexa de las unidades de control. Un
problema abierto, y area actual de investigacion es como realizar inferencia formal en tales
estrategias de identificacion. Esta tesis contribuye a esta agenda al proponer un enfoque
novedoso similar a Verosimilitud Empirica (EL, por sus siglas en ingles), para recuperar
las regiones de confianza de las estimaciones de interés. Ademas, las regiones de confianza
resultantes son inmunes a las formulaciones robustas de la estrategia de identificacion. La
principal ventaja del procedimiento de inferencia considerado aqui, en lugar de EL, es que la
definicion anéloga de la funcién de perfil no requiere que exista una verosimilitud entre un
modelo alternativo verosimil P y la distribucion empirica P,. Es importante destacar que
la metodologia presentada aqui es lo suficientemente rica y general que se puede aplicar a
otros problemas en estadistica, econometria e inferencia causal; esto se puede ver como una
contribucion indirecta de este trabajo.

La organizacion de la tesis es la siguiente: El capitulo 1 motiva el problema e introduce
el marco de la metodologia de estimacion. Los capitulos 2 - 3 presentan soluciones conocidas
para obtener la distribucién asintotica de los pesos para el control sintético, a partir de
la cual se puede derivar la distribuciéon asintotica del estimador del efecto del tratamiento.
Asimismo, se discuten las principales desventajas de tales enfoques. El capitulo 4 presenta
la metodologia de inferencia basada en optimizacion robusta (DRO) y deriva los resultados
principales, proporcionando la regién de confianza para el estimador de SCM. Estas regiones
de confianza se obtienen a la Manski, lo que significa que se considera el peor escenario para
un control sintético plausible. El capitulo 5, ilustra los diferentes métodos con una aplicacion
empirica, retomando un articulo clasico donde se usa SCM, estableciendo formalmente la
significancia de los resultados ahi presentados. Concluimos en el Capitulo 6.



Foreword

In empirical economics and econometrics, researchers are interested in evaluating the effect
of a policy. The main problem they face is how to construct a valid counterfactual. The gold
standard for drawing inference is through a randomized controlled experiment. However, in
many cases, experiments remain difficult or impossible to implement, for financial, political,
or ethical reasons.

Researchers use a wide variety of strategies for attempting to draw causal inference from
observational data. A very popular method is the synthetic control method (SCM) which
essentially approximates the counterfactual to the treated unit as a convex combination of
the control units. An open problem, and current area of research is how to conduct formal
inference in such identification strategies. This thesis contributes to this agenda by propos-
ing a novel approach similar to Empirical Likelihood (EL), to recover confidence regions for
the estimates of interest. Moreover, the resulting confidence regions are immune to robust
formulations of the identification strategy. The main advantage of the inference procedure
considered here, contrasting EL, is that the analogue definition of the profile function does
not require the likelihood between an alternative plausible model P, and the empirical dis-
tribution, P,, to exist. It is important to highlight that the methodology presented here is
sufficiently rich and general that can be applied to other problems in statistics, econometrics,
and causal inference - this can be viewed as a spillover contribution of this work.

The organization of the thesis is as follows: Chapter 1 motivates the problem and intro-
duces the framework of the estimation methodology. Chapters 2-3 present known solutions to
obtain the asymptotic distribution for the synthetic control weights, from which the asymp-
totic of the treatment effect estimator can be derived. The main disadvantages of such
approaches are discussed. Chapter 4 introduces the main inference methodology based on
distributionally robust optimization (DRO) and derives the main results - which gives the
confidence region for the SCM estimator. Such confidence regions are obtained & la Manski,
meaning that the worst-case scenario for a plausible synthetic control is considered. Chapter
5, illustrates the different methods with an empirical application, revisiting a classical paper
where the SCM is used, establishing formally the significance of its results. We conclude in
Chapter 6.
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Chapter 1

Synthetic control method

Synthetic control methods (SCM) are a popular approach in causal inference in comparative
studies. Essentially it constructs a weighted average of different control units as a counter-
factual from where the treatment group is to be compared. Unlike difference in differences
approaches, this method can account for the effects of confounders changing over time, by
weighting the control group to better match the treatment group before the intervention. The
main problem with this methodology is the difficulty to perform inference, this is, there is lit-
tle to none knowledge in the asymptotic distribution of the SCM estimator, or its confidence
interval. This is a very important problem to solve as a vast literature rest in this method-
ology: [ADH15; BCL*18; ADH10; AG03; PY15; BN13; AI17; CGNP13; AJK*16; RSK17].

There has also been a rich literature extending such methods: [Pow16; Xul7]|, nests the
additive fixed effects model with synthetic controls, permitting additional flexibility to esti-
mate causal effects in the presence of differential state level trends and shocks. To address
multiplicity of solutions with dissagregated data, [AL18; DI16] propose a synthetic control
estimator that penalizes the pairwise discrepancies between the characteristics of the treated
units and the characteristics of the units that contribute to their synthetic controls, using
regularization methods to deal with a potentially large number of possible control units.
[ASS18] provides a robust generalization of the synthetic control method by de-noising the
observation data via singular value thresholding - this renders the approach as robust. Fur-
ther, the algorithm is extended to include regularization techniques such as ridge regression
and LASSO. The paper moves beyond point estimates in establishing a Bayesian framework,
which allows one to quantitatively compute the uncertainty of the results through posterior
probabilities. [BMFR18] uses an outcome model to estimate the bias due to covariate imbal-
ance and then de-biases the original SCM estimate, analogous to bias correction for inexact
matching. In [CMM18] an artificial counterfactual is proposed based on a large-dimensional
panel of observed time-series data from a pool of untreated peers. The methodology shares
roots with the panel factor model and SCM. Finally, [Dav18| relaxes the assumption of
existence of a “perfect” synthetic control, which only occurs if the outcome variable is not
subject to transitory shocks, implementing a two-step approach which first generates pre-
dicted values of the outcome variables for each unit and uses these predicted values instead



of the actual values of the outcome variable when constructing the synthetic control units.
This review is by no means exhaustive, but gives an illustration of the importance of the
methodology in the causal inference literature in comparative case studies.

Literature tackling this problem can be divided in two approaches, (1) those work relying
on the assumption that treatment units are randomly assigned and uses placebo, permuta-
tion tests, or some variant exploiting the panel data structure, to conduct inference - which
are called finite population approaches' |[ADH15; BCLT18; ADH10; AG03; PY15; BN13;
CGNP13; AJK*16; RSK17; Xul7; AL18; DI16; BMFR18; FP17; SV18; HS17; CWZ17], and
(2) asymptotic approaches [WHIT15; CMM18; Powl16; Lil7], where the key assumptions
makes the number of individuals or time periods tend to infinity. This literature often focus
on testing hypotheses about average effects over time and require the number of pre-period
and post-treatment periods to tend to infinity.

The main disadvantage with the first approach is that the graphical analysis with place-
bos can be misleading, as placebo runs with lower expected squared prediction errors would
still be considered in the analysis. [HS17] address a setting where permutation tests may be
distorted. The validity of such tests requires a strong normality distribution assumption for
the idiosyncratic error under a factor model data generating framework. Moreover, inference
in such models is complicated by the fact that errors might exhibit intra-group and serial
correlations (few treated groups and heteroskedastic errors). [CWZ17| approach will instead
carry out the permutations over stochastic errors in the potential outcomes with respect to
time, and not the cross-sectional units. These types of permutations rely on weak depen-
dence of stochastic errors over time rather than exchangeability across treated units.

In order to demonstrate asymptotic properties, two types of asymptotic analysis are car-
ried out: one appropriate when the number of observations at each point in time in each
sub-population tends to infinity, and one suitable for stationary aggregate data and in which
the number of pre-intervention periods gets large. In this regard, [WHIT15] extends the syn-
thetic control estimator to a cross sectional setting where individual-level data is available
and derives its asymptotic distribution when the number of observed individuals goes to in-
finity. Moreover, [CMM18| propose the Artificial Counterfactual Estimator (ArCo), that is
similar in purpose to SCM, and derive its asymptotic distribution when the time dimension
is large. However, many of the problems to which the Synthetic Control Method is applied
present a cross-section dimension larger than their time dimension, making it impossible to
apply the ArCo to them. [Pow16| proposes an inference procedure that uses the gradient
of the objective function and relies on the gradient converging to a normally-distributed
random variable. This requires asymptotic normality of the estimates for the SCM. Finally,
[Lil7] derives the asymptotic distribution for the ATE using projection methods, resulting

!Basically these papers compute p-values by permuting residuals - for example, [SV18] invert the test
statistic to estimate confidence sets for the treatment effect function where the hypothesis testing is carried
via a small sample inference procedure for SCM that is similar to Fisher’s Exact Hypothesis Test.



in a non-standard asymptotic distribution. However, the analytical asymptotic distribution
is hard to obtain and so a sub-sampling method is proposed.

We add to this latter literature, focusing on the case of large number of pre-intervention
periods. The work most closely related to ours are [SV18; WHIT15; Lil7].

1.1 Abadie, Diamond, and Hainmueller (ADH)

[ADH10] offer no formal inference theory. The idea behind their approach is that a mixture
of unaffected units can often provide a better comparison for the treated subject than any
single unit could alone.

The framework is based on the Rubin’s potential outcomes setup. Let there be T' time
periods indexed by ¢t = 1,...,T and N sub-populations indexed by n = 0,1,..., N Let
an intervention occur at time period Ty affecting only group 0, the remaining groups will
constitute the control units. Let (y2,v. ) be the potential outcomes that would have been
observed for unit n at time ¢ without and with exposure to treatment. So that the observed
outcome can be written as

Yin = Dtnytln + (1 - Dtn)y?n

Dm:{l if ¢ > Tp,n=0

where

0 otherwise

The difference 7, = y., — yp, for t > Ty will be the treatment effect from intervention for
the unit n. The problem comes when estimating the counterfactual yf, for ¢ > Ty,

The key assumption in SCM is the following:
Assumption 1.1. There exists weights (3, € [0,1] forn=1,..., N such that

N
n=1
fort=1....T and where the weights sum to one: 25:1 B, = 1.
Therefore, the ATE (for the treated unit) at t = Ty + 1...,7T is given by

N
T = ytlo - Z ﬁnygo

n=1

and the overall ATE is

T = T TO— Z Tt

t=Tp+1



The previous assumption says that the outcome of the treated sub-population can be
written as a stable weighted average of the outcomes of the control sub-populations. The ra-
tionale of imposing non-negativity restriction is that in most applications, ¥, are positively
correlated with each other, and therefore they tend to move up or down together. While the
add-to-one restriction implicitly assumes that a weighted average outcomes for the control
units and the treated unit’s outcome would have followed parallel paths over time in the
absence of treatment.

Let z; = (yu, - - - ,ytN)T be a vector of the control unit’s outcomes. The most straightfor-
ward estimation procedure for 3 is to solve the minimization problem based on the regression
model

yio = B, + g t=1,...,Tp (1.1)
le.
To
min Z(yto — BTy)? (1.2)
t=1
s.t.
18]l =1

We now state the necessary assumptions needed to perform inference analysis for the
SCM ATE. Through the rest of this thesis we will work under this framework, though we
only need Assumptions (1.1, 1.2, 1.3) for Chapter 4.

Assumption 1.2. The data {x;}L_, follows a weakly stationary process

Assumption 1.3. {ux}l_, is zero-mean and serially uncorrelated satisfying

To
_ As
T2 aun & N(0,5)
t=1

1 1 To To T
where ¥y = Mmoo 703 2,2 3.2 Elwousoziz,]

Assumption 1.4. Define vyo = 7, — T + uy. {vio}ie, is zero-mean and satisfies the limit
theorem

T
1 Asy
e > s T N(0,5)
VT —Th—1 T

—1; 1 T T
where Y = 11H1(T—T0—1)—>oo T—Tp—1 Zt:T_T0_1 ZSZT_TO—1 ]E[VtOVsO]
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Assumption 1.5. Let wy = (Y, Y1, - - - Yen, e Dyo) for t =1,..., T, where Dy is the post-
treatment dummy. {w;}L, is a weakly stationary p-mizing process with p-mizing coefficients
p(1) = O(X") for some constant 0 < A < 1.

These assumptions basically guarantee that the LLN holds, a central limit theorem ap-
plies to both the OLS (unrestricted) estimator for (1.1), and to a partial sum of the SCM
ATE, and that the estimator B that solves (1.2) using the pre-treatment data is asymptot-
ically independent with a quantity that involves the post-treatment sample average of the
de-mean treatment effects and the idiosyncratic error. While we do not make it explicit, we
can further suppose that a consistent estimator for [ exists.

Note that knowing the asymptotic behaviour for § will immediately yield the asymptotic
behaviour for the ATE 7, thus we focus on the former. In other words, provided we can derive
the asymptotic distribution of v/T; (B — ), the asymptotic distribution of /T — Ty — 1(7—7)
can be found appealing to the following theorem due to [Lil7].

Theorem 1.1. Under assumptions (1.2)-(1.5) we have

VT =Ty —1(7 — 1) % —E[]) 21 + N(0, Zo)

where n = limy, (r—1,-1) M V(B = B) 7, is independent with N'(0,%5), and

Y= i s
2T e T — Ty — 1 TO 1 Z Z Elvovs0)
t=T-Ty—1s=T—-Tp—1

On the same line, if we know the confidence region for 3, we can derive the confidence
region for the ATE 7,. Hereafter, we thus focus on the asymptotic behaviour of /Ty(8 — ),
and the confidence region for .

1.2 Doudchenko, and Imbens

In [DI16], the authors identify a common structure between several methods, which include
SCM as a special case. They later on generalize the method, allowing for a permanent addi-
tive difference between treated and control units by permitting negative weights and using
regularization® to deal with potentially large number of possible control units.

Relaxing assumption 1.1, will allow us for a more general linear structure for the impu-
tation of the unobserved:

Assumption 1.6. There exists weights 5, € R form=1,..., N, and a permanent additive
difference i € R such that

N
Yo =1+ Y Buyly

n=1

2This regularization can be regarded as a robust approach to a least squares estimation.



fort=1...,T
Adding restriction to p and 8 will recover several popular estimators®.

The estimators (1, 3) solve:

To
min Z(yto — = BTa)? (1.3)
t=1

in other words, an ordinary least squares problem. This approach may be attractive
in settings where the number of pre-treatment outcomes is large relative to the number
of control units, but would be less so in cases where they are of similar magnitude. In
any case Doudchenko & Imbens recommend a need for regularization on the weights 5.
Specifically they recommend to estimate the weights and intercept as an elastic-net least
squares regularization:

1 —
2

minl|go — 1 — Ba|[3 + A( 181 +a|lﬁ|ll) (1.4)

and tune the parameters (), ) with Cross-Validation.

As in ADH, the way inference is performed is via permutation tests, but no formal
inference analysis is carried out.

3For more information see [DI16]
4Recall that there is no rigorous inference theory for the synthetic control estimator if both the numbers
of treated and control units are fixed and finite, but both the pre and post-treatment periods are large.



Chapter 2

Projection and tangent cones

2.1 Kathleen Li’s projection method

Under the same framework of the previous chapter, [Lil7] uses projection methods to derive
the asymptotic distribution of the ATE. Unlike all other methodologies, the asymptotic dis-
tribution is non-normal and non-standard.

Let A be a convex set, consider the minimization problem:

To
min Z(yto — = BT ay)? (2.1)
t=1
s.t.
Bel (2.2)

Letting A = Agopr = {B € RY | 3; > 0 & ||B]|1 = 1} we recover the SCM estimator.

[Lil7] modifies the synthetic control method, dropping the add-to-one restriction, but
keeping the coefficients non-negative. The rationale is that the treated unit and the control
units may exhibit substantial heterogeneity and the treated unit’s outcome and a weighted
average (with weights sum to one) of the control units’ outcomes may not follow parallel
paths in the absent of treatment. So that the convex set in (2.1) is:

Ak ={BeR"| B >0}

Let X be the Ty x N matrix with its i*" row given by 2. Define the projections onto a
convex set A as

a8 = argminye (8 — AT (XXT/To) (8 = A)
I, 3 = argminy, (8 — A) " E[z,2] (8 — A)
The following theorem due to [Lil7] establish the asymptotic theory under this setting.
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Theorem 2.1. Let Bp be a solution to (2.1) and Bows a solution to (1.8). Let Z, denote
the limiting distribution of \/To(Bors — B), then
Bp =i Bors

and

\/TO(BP - ﬁ) éiy HTA,ﬁ

where Ty g := Us>00{A — IIAB} is the tangent cone of the set A at 3, and A can be either
ASCM or AKL~

Although one can use projection theory to characterize the asymptotic distribution of
VT (B p — [3), the inference is not straightforward as one has to know [ in order to calculate
the tangent cone Ty, , 5. A straightforward solution is to plug-in the consistent estimator
for 8. However, it is an open question if this guarantees desirable properties of the asymp-
totics. The asymptotic distribution of the synthetic control coefficient estimators depends
on whether the true parameters take value at the boundary or not. In practice we do not
know which constraints are binding and which are not, making it more difficult to use the
asymptotic theory for inference. Moreover, it is known that when parameters fall to the
boundary of the parameter space, the standard bootstrap method does not work: [And00].
[Lil7]| propose a solution to this problem by a sub-sampling method.



Chapter 3

Generalized method of moments (GMM)

Consider M observations {Y;}M, where the Y; data is generated by a weakly stationary and
ergodic process.

The d moment conditions for a vector-valued function h(X,Y,-) : R — RY is
E[h(X,Y,0%] =0

and we further consider the null

r(0*) =0

The restricted GMM estimator can be written as

. 1 X T 1 X

0 =arg mein (M ;g(ﬁﬁ)) W (M ;Q(Yiﬁ))
s.t.
r(@) =0

where Wy, 25 W and W is a positive-definite weighting matrix. Under some regularity
conditions® the estimator is asymptotically normal?

'For this we refer to [Hal05].
2With the right choice of the weighting matrix W the estimator is also asymptotically efficient. Efficiency
is achieved when W1 = Q=1 = E[g(Y,0)g(Y,0)T], so a good candidate for Wy is Qps(0) !, where
M
U (0) = 17 D 9(¥i, 0)g(Yi, 0)

=1

We subsequently use this as the weighting matrix.



Theorem 3.1. Under standard regularity assumptions and where Q,} L5Q71, then

VMO —0) " N(0, )

where ¥ = ¥ — YRT(RERT)IRY, and ¥ = (GTWG)™! with G and R the Jacobian
matrix

G(0) = —E[Veg(Y,0)] R(0) = Vor(0)

The asymptotic variance-covariance matrix of the restricted GMM estimator is always
smaller than or equal to that of the unrestricted GMM estimator, this follows since > — X
is positive semi-definite. This result simply reflects the fact that the restricted GMM es-
timator, by incorporating more information from the restriction, is more (asymptotically)
efficient.

3.1 Inference with GMM

The computation of the weights to construct the synthetic control can be formulated as a
GMM problem:

E[(Y - X"8)X] =0 (3.1)
s.t.
r(B) =0

where 7 : RY —— R is defined as

r(8) = [L = 1IBlh]

We apply theorem 3.1 to produce the asymptotic behaviour of the constrained GMM
estimator.

Theorem 3.2 (GMM asymptotic variance of SCM). Under standard reqularity assumptions
and where Q;Ol L5 Q1) then

VTo(B = B) & N(0,%g)

where ¥ = L—YRT(RERT)IRY, with ¥ = Elxx[]~! Var[zyuE[zsz] ]t the heteroskedas-
ticity consistent variance estimator, and

R = [_e—lrxN]

10



Note that this GMM estimator might be underidentified. In GMM, identification is essen-
tial. Unless parameters are identified, no consistent estimator will exist. In the next chapter,
as no uniqueness in solution is to be imposed, we can still perform asymptotic analysis.

Contrasting this inference procedure, [WHIT15| proves that the synthetic control estima-
tor is CAN under the assumption that (y, Y1, - - -, yin) is ergodic and stationary.

Theorem 3.3 ([WHIT15|). Let 3 be a solution to (3.1). Suppose that {x,} is ergodic and
stationary, and that {ysu;} satisfies Gordin’s conditions®, then

VT, —1(8 — B) 25 N(0,CTC)

where
C =Elzw]™ —Elrx ] e(e"Elza]] e) e Bz

with e = (1,...,1)T, and T is the long run covariance matriz* of uy, i.e.
r=>T,

with Ty = Elugu;_orx] ]

Stationarity and ergodicity are undoubtedly very strong restrictions. If data is nonsta-
tionary, even when imposing a parametric model as in ADH

Y100 = O + 0cZ; + N + €4

where 0; is an unknown common factor with constant factor loadings, Z; is a vector of
observed covariates not affected by the intervention, 6; a vector of unknown parameters, \;
a vector of unobserved factors, u; a vector of unknown factor loadings, and ¢; unobserved
transitory shocks with zero mean - CAN cannot be directly obtained.

3See [Hay11].
4Methods for estimating I' are well known, for example the Newey-West estimator.

11



Chapter 4

Robust Wasserstein Profile Inference

This chapter is based on [BKM19|. Given an estimating equation
E [h(W;6)] = 0

we can consider different robust formulations that will yield a set of plausible estimates for
the parameter ¢ - informally this can be thought of as a confidence region for 6.

Formally, we will present the asymptotic properties of an object called RWP, a novel
inference methodology which extends the use of methods inspired by Empirical Likelihood
to the setting of optimal transport costs. Our originality lies in applying distributionally
robust optimization (DRO) theory to study and derive asymptotic distribution of estimators.
To our knowledge, DRO has never been used to study the asymptotics of an econometric
method.

4.1 Robust Wasserstein Profile Function

Consider the following optimization problem, which may arise in estimation of parameters
in econometrics.

[H(X,Y,0)] (4.1)

min K
0:G(6)<0 | TRUE
for random elements (X,Y’) and a convex function H(X,Y,-) defined over the convex
region {# : G(#) < 0} and G : R — R convex, and where Prryg denotes the true model.
Typically the ‘true’ measure is approximated by the empirical measure P, in which case we
will denote OEEM to any solution of (4.1) with the empirical measure.

This model may be unknown or too difficult to work with. Therefore, we introduce a
proxy Py which provides a good trade-off between tractability and model fidelity. So we

consider the following robust optimization problem
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min ~ max Ep[H(X,Y,0)] (4.2)
0:G/(6)<0 De(P, P ) <A

Here P, is the empirical measure!, D, is defined to be the Wasserstein distance function?
with cost ¢, and d is called the distributionally uncertainty size. We will refer as 25O to
any solution of (4.2). Note that D.(P, P,) < § will define an uncertainty region around the
empirical model P,, we will denote it by Us(P,) = {P | D.(P, P,) < ¢}. This will ultimately
capture the uncertainty in our estimation procedure. For every plausible model P € Us(P,)
there is an optimal choice of parameter * such that minimizes Ep [H(X,Y,0)] . The set of
all such parameters will be denoted by

A, (6) :={0(P) : 0 € argminygEp[H(X,Y,0)] P € Us(P,)}
The problem now translates to finding 6 such that
0" € A,(9)

with probability at least (1 — «), where « is set to be the confidence level.
Suppose that solutions to (4.1) are given by a system of equations of the form

EPn [h(X7 Y) 9)] =0
for a suitable h(-).

The Robust Wasserstein Profile (RWP) function as defined by [BKM19] is then

Ro(0) := inf{D.(P, P,) : Ep[h(X,Y,0)] =0} (4.3)

The following proposition is a key observation which will lead to the construction of
confidence region in parameter estimation.

Proposition 4.1. Let x1_, be the (1 — «) quantile of the function R,(0). Then A,(x1-a)
is a (1 — ) confidence region for 6.

Proof. The 1 — a quantile for the RWP function is given by:

Xi—a = inf{z | P(R,(0) < z) >1—a}

Land whose weak limit is Prrug.
2Let the cost function satisfy c(z,y) — [0, 00). Define

D.(p,v):= inf /C(x,y)dv(x,y)
YET (p,v)

where I'(u, v) denotes the collection of all measures with marginal p and v on the first and second factors
respectively.
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The definition of the RWP function allows us to write A, (x1-a) as
An(X1-a) ={0 | Ra(0) < Xx1-a}

Therefore,
PO € An(x1-a) = P(R.(A) < x10) =1—a
s0 A, (X1-a) is @ (1 — ) confidence region for 6. 0

Remark 4.1. Proposition 8 of [BKM19] establishes a min-maz theorem for the DRO for-
mulation:

min  max Ep[H(X,Y,0)]= max min Ep[H(X,Y,0)]
0:G(8)<0 De(P,Pn) <A De(P,Pn) <A 0:G(60)<0

This indicates that éfRO € A,(0), otherwise the left hand side of the equation above
would be strictly larger than the right hand side. Trivially, 05FM is also inside A, (8). This
property is an attractive feature, as this confidence region will also include ‘Doudchenko-
Imbens’ estimators®, i.e. those who solve (1.4).

The following proposition due to [BKM19] gives a dual formulation for the RWP function,
which is useful to derive its asymptotic properties, and easier to compute as the problem
passes to have an infinite dimensional formulation to a finite dimensional one.

Theorem 4.2 (|[BKM19]). Let h(-,0) be Borel measurable, and Q = {(u,w) € R™ x R™ :
c(u,w) < oo} be Borel measurable and non empty. Further, suppose that 0 lies in the interior
of the convex hull of {h(u,0) : uw € R™}. Then,

1 n
Rn(9> = Sup {__ Z sup {/\Th(ua 0) - C(u7 VVZ)}}
AER” N ] u€R™

Remark 4.2. Note that it might be computationally costly or unfeasible to derive the 1 — «
quantile of the function R,(0%), so instead we will focus on its asymptotic distribution.

The following theorem gives the asymptotic distribution of the RWP function

Theorem 4.3 (|[BKM19]). Consider the cost function® associated with the Wasserstein dis-
tance (and hence with the RWP function), to be

C((‘T’y)a(uav)):{||w_U||2 ify:U

00 otherwise

Suppose that

31t can be proven with the techniques presented in [BKM19], that problem (1.4) can be formulated as a
DRO problem.

4As this modified cost function assigns infinite cost when y # v, the infimum of the RWP function is
effectively over joint distributions that do not alter the marginal distribution of Y. As a consequence, the
resulting uncertainty set Us(P,) admits distributional ambiguities only with respect to the predictor variables
X.
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(i) 0% € R? satisfies E[h((X,Y),0%)] =0 and E||R((X,Y), 0|3 <
(i1) For each ( # 0, the partial derivative D, h((z,y), 0%) exists, is continuous, and satisfies,

P(|l¢T Doh((X,Y),07)]|2 > 0) > 0

(111) Assume that there exists k : R™ — [0, 00) such that

|1Dah(z + A, y,0%) = Dah(z,y, 072 < Rz, y)[[All2

for all A € RY, and E[R(X,Y)?] < .
Then,

nR.(0°) " R(2)

where

R(2) :=sup {ZCTH —E|[¢("D,h((X, Y)>9*)’|%}

CERY
with H ~ N(0, cov[h((X,Y),6%)])

For further details in the RWP function, its properties and connection with estimating
literature, we refer to [BKM19|, and [BK17]|, and the references therein.

It is important to mention that the attempt in this thesis is to derive the exact uncertainty
set A. In [BKS19| a theorem is presented giving the asymptotic normality of underlying DRO
estimators.

Theorem 4.4. Suppose that

(1) H(-) is twice continuously differentiable, non-negative, and for each (X,Y), H(X,Y,")
1S convex.

(ii) 0% € R? satisfies E[h((X,Y),0%)] = 0 and E||h((X,Y),0)|]3 < oo
(iii) Both E[Dgh(X,Y,0%)], and E[D.h(X,Y,0*) D, h(X,Y,0%)T] are strictly positive definite.
(iv) Assume that there exists k, k', K : R™ —— [0, 00) such that
|Dah(z + A, y,0%) = Dah(x,y,0%)|]2 < r(z, y)||Al2
1Doh(z + Ay, 0% +u) — Doh(z,y,60%)||2 < E(z,y) ([|A]]2 + |ull2)

|1Dah(z + Ay, 0% 4+ u) — Doh(x,y,0%)|[2 < w'(z,y) ([[All2 + [Jul|2)
and E[x(X,Y)?] < oo, E[R(X,Y)?] < oo, E[r/(X,Y)?] < 00.
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Let E||(X,Y)||* < oo, C := E[Doh(X,Y,0%], and H ~ N (0, cov[h((X,Y),0*)]); then
(VA(OFRM = 6%), v/n(An(n”16) = 0) % (C'H, ©(6) + C~'H)
where ®(8) := {z | sup{¢TCz — E[|(TD,h(X,Y, 07|} < 6}
Note that, by the continuous mapping theorem, we have the approximation:
Ap(n710) = GERM 4 =125 (5)
the following result is the basis of constructing the asymptotic confidence region.

Theorem 4.5. Let C,, be a consistent estimator of C = E[Dyh (X,Y,0%)], and 6(n) =
d+o(1); then

®,(6(n)) = {z | Slép{CTan - iEPnIICTth(X, Y, 07"} < 6} = 2(9)

We will use this results in the next section to derive the asymptotics of the SCM estima-
tor.

4.2 Inference via the RWP function

Proposition (4.1), and an application of Theorem (4.3) will be the basis to derive an exact
confidence region for 5. On the other hand, Theorems (4.4), and (4.5), will give the asymp-
totic behaviour of this confidence region.

The empirical risk minimization problem that compute the synthetic control weights is:

min E Y — X732 »
B 18l =1 B:>0 P | A (4.4)

Note that the KKT conditions are

(y—BTx)r —Xe4+p=0
L—|Al; =0

B—s*=0

diag(p) diag(s) =0

where A\ € R, e = (1,....,1)T € RN u= (uy,...,uny)7, and s = (sq,...,sn).

We define h(z,y; B, \, pt, 5) : RY x R x RVFIENFN o RVFIEN®N 4 he
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(v — BT} — X + 1
My pms) = [ (4.5
diag(y) diag(s)

and apply Theorem 4.3 to this function, to derive our main result.

Theorem 4.6. Consider h(z,y, 3, \, i, s) as defined by (4.5) For 8 € RY let
Rr,(8) = inf{D.(P, Pr,) : Ep[h(X,Y, [, A\ u,s] =0}

where the cost function is

C((xvy)a(uav>):{“x_u”2 ny:’l)

00 otherwise

Under the null hypothesis that the training samples {(X;,Y;)}: are obtained independently
from a constrained model Y = $*TX + u where ||5*||; = 1, and 3; > 0. The error term u
has zero mean and variance o2, and ¥ = E[X X T] is invertible. Then,

Asy

TORTO(B*) ~ R
where B )
R=N(0,A)T [0°Id — (XN'e — p*)B*T = B*(Ne—p")T]  N(0, A)
and A = o*% — N2ee’ + Nep*T + N e’ — prpT

Proof. To show that the RWP function converges in distribution, we verify the assumptions
of Theorem (4.3) with h(-) defined in (4.5).

Under the null hypothesis, the KKT conditions are satisfied together with the slackness
complementarity conditions, therefore

uX — \Ne + u*

Bncxyie= | Tl ] =

diag(y") diag(s”)

o O OO

and by the triangle inequality
E||h(X,Y; 89)|° < E[[uX|]® + [[\e — p'|[] = o°E||X|]* + [[\"e — p"|] < o0

which is finite because the trace of the matrix ¥ is finite. This verifies assumption (i).
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Now,

uld — .%'ﬁ*T NxN

Dmh<x7y7ﬁ ) = 0 (2N+1)x N

which is clearly continuous and for any 0 # (¢,n) € RY x R2V+!
P([[(¢;m) " Doh(X,Y, B7)][? = 0) = P(u¢ = ("X ) =0
and thus satisfying assumption (ii). In addition,
| Dol + Ay, 8°) = Doh(z,y, B9[] = |3 TAId = AB*T]] < ] |A

for some positive constant c.

As a consequence of Theorem (4.3)

TRu(8) Y suw {2<<,n>TH—EH<<,n>T[

(¢ ERN xR +1

U]d—XB*T NxN :| HZ}
0 @N+1)xN

Note that H ~ N(0,cov h(X,Y’; 5*)) where

. A 0
covh(X,Y;3*) = E[hhT] = [ ]E[)XN 0 } (2N+1)x (2N +1)

and
A=FEXXT + NueXT —up* X" +uNXe' + N 2ee’ — Npfe’ —uXp™™ — Nep*" + 7]
— 025 — A2eeT + N T + Nptel — T
further note that —\*2ee’ + XN eu*T + X * p*e’ — p*pu*7 is negative semi-definite.
We will ‘partition’ the distribution H as
H=]Z ‘ don+1 |

where doy 11 = (0,...,0) denotes a 2N + 1-dimensional delta-distribution and Z ~ N (0, A).

Therefore the limiting distribution can be simplified to

ToRe,(87) 2 sup {2¢"Z — E||¢" (uld — X5T)||?}

CERN
=Z'E[(uld — X" (uld — X312
=27 [0%1d — (Ne — p") BT — (Ve — )T+ ||67]1°] ' 2
and it can be easily justified that [02Id — (X\*e — p*)5*T — B*(N\e — )T + [|B*]|?%] is

positive definite and so invertible. O

18



Remark 4.3. (i) Note that as in restricted GMM, the variance of the RWP function is

(i)

(iii)

less than in the unrestricted setting.

Observe that the limiting distribution is a generalized chi-squared distribution®:

Let
B =0%Id— (\e— )BT = g (Ve — )T + 187>

and using the spectral theorem let
AZB7 A7 = UAUT

be the eigendescomposition , we have that N = UTA=2Z has standard normal distri-
bution. As a result

N
R=Z"B'Z=NTAN =) AN/

i=1

where A = diag(A, ..., An).

To stress the relation of 5* in the RWP asymptotic distribution, we will denote it as
R(8*) = NTA(B*)N.

As [BKM19] congectures in a LASSO setting, one could aim to achieve lower bias
in estimation by working with the (1 — «)-quantile of the limit law R(B*), instead of
that of an stochastic upper bound independent of the estimator 5*. In order to do so,
they propose to use any consistent estimator for B* to be plugged in the expression
for R. Howewver, it is an open problem if this plug-in approach indeed enjoys better
generalization guarantees - just as in the remark of Theorem (2.1).

Recall from proposition (4.1) that a (1 —«) confidence region for the parameter /3 is given

by

Az (X1-a) = {8 | Br,(8) < Tg 'X1-a} (4.6)

where x1_q is the (1 — a)-quantile of R(3) = NTA(3)N, and Ry, (8) can be computed
as in Theorem (4.2):

®There has been some work on computing things with this distribution: [[IMH61] and [Dav80] numerically
invert the characteristic function. [SO77] write the distribution as an infinite sum of central chi-squared
variables. [LTZ09] approximate it with a noncentral chi-squared distribution based on cumulant matching.
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RT()(/B) = sup {_lz sup {/\T(YZ - BT)‘/E - ||J] _Xz||2}}

AERN N =] xeRN

1 N

g {——Z sup {AT(Y;—BT)QJ—Hw—XiH?}}
{\| P is pos def } ni:l {z | Pz=Y;+2X;}

with P = 2Id + \3T + BAT.

In order to solve the inequality (4.6) we propose the following procedure®.

Consider a second order model for the RWP function Ry, () around a consistent esti-

mator B . This is a fair approximation since the RWP function is convex and has a global
minimum at [:

Ruy(8) = Ray(B) + VRE,(B)(B — ) + 5(8 — BTV B (B)(5 — B) + OllB — AP
= (6= ATV R (B)(B - B) + Oll — BIP

(8= B)TV2R5,(B)(8 - B)

~
~

DN —

Therefore Ag,(Xx1-o) can be approximated as
Azy(X1-a) = {8 | Rz (B) < Ty 'X1-a}
~ (8] 58 BTV R (B)(6 - B) < Ty)
This defines an ellipsoid centered at B where the principal axis are determined by the

eigenvectors of the Hessian of the RWP function, and the eigenvalues are the reciprocal of
the squares of the semi-axes.

Ary(x1-a) = {8 | (B—B)TV2Ry (B)(8 — B) < 2Ty *x1-a} € B(B,r)

where B(3,r) denotes the ball centered at 3 with radius

r = 2X1 —a
ToAmin(VZR)

6 Alternative one can consider to solve the inequality approximately, exploiting the convex structure of
the RWP function.
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~

where A\pin(V2R) denotes the minimum eigenvalue of the Hessian VZRz, (3). Finally, for
the whole sample period, the outcome 1, is generated by
ytOZBTﬂft‘i‘DtoTt‘i‘Uto tzl,...,To,...T

where D, is the post-treatment dummy, and u, has variance o so that

|7 — Te| =|yro — ?)?0 — 7| = |5T$t + 7 + U — BTth — T
=[(8 — B)T$t + w] < (B — B)Tfﬁt’ + o
<[[8 = BI| [ze]| + [usol
<r||ze|| + 02(1-a/2)

thus, the confidence region for the ATE of the SCM estimator is given by

B (7:15, r||xt|| -+ O-Z(l_a/Q))
while the confidence region for the overall ATE is given by

1 T
B(T,I’ —T—To—l th)
t=Tp+1

Remark 4.4. Note that this confidence regions can be interpreted a la Manski, meaning that
they were derived considering the worst-case scenario.

We can contrast this procedure with the asymptotic behaviour of the FRM estimator
and the confidence region given by Theorems 4.4 and 4.5.

Theorem 4.7. Consider the same framework of Theorem (4.6), and the definitions therein.
Then,

5 «\ As _
VTo(B = %) "~ £TIN(0, A)
and
Ap(Ty P x1—a) ® B+ T2 | 2TSB7'S2 < x1-a}

where x1_q s the 1 — a quantile of the RWP asymptotic function.

Lets observe that XB~'Y, as a positive quadratic form, represents an ellipsoid. As before,
considering the confidence region a la Manski, we can further approximate the confidence

region for 5* as
A Xl—a
B
(ﬁ, \/TO/\min<EB_12)>

where Api,(XB71Y) is the minimum eigenvalue of X B!
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and so the confidence region for the ATE of the SCM is given by

~ Xl—a
B _
<T“ \/ Tohuaa(2B15) 111 75000 ”)

while the confidence region for the overall ATE is given by

N X1-a
B
(T’ \/ Todmin(EB-13)

)

1 T
T—T,—1 >
t=Tp+1
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Chapter 5

Empirical example

In this chapter we illustrate and contrast the methods outlined here with an empirical appli-
cation. We revisit the classical paper [ADH10]|, which estimates the effect of Proposition 99,
a large-scale tobacco control program that California implemented in 1988. It uses smoking
per capita as the outcome and uses a single treated unit (California) and N = 29 states
without such anti-smoking measures as the set of potential controls. In order to conduct
inference, the authors run placebo studies by applying the synthetic control method to states
that did not implement a large-scale tobacco control program during the sample period of
study. They argue that as the estimated gap between California and its synthetic control
is “unusually large relative to the distribution of the gaps for the states in the donor pool”,
compared to placebo states and their respective synthetic control, the treatment effect is not
driven entirely by ‘chance’ and so they conclude significance. The next figure can be found
on |[ADH10].

e California
B control states

gap in per—capita cigarette sales (in packs)

Passage of Proposition 99 —> {

T T T T T
1970 1975 1980 1985 1990 1995 2000

year

Figure 5.1: Treatment effect with placebos
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Figure 5.2: Analytical confidence intervals
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The figure above contrasts the different inference procedures discussed here. We note
that all methods conclude overall significance, excepting Kathleen’s sub-sampling procedure
(Panel a), and the asymptotic Wasserstein CI (Panel e). We first turn our attention to
the GMM-derived confidence intervals: It looks that the GMM CI (Panel b) - Theorem
(3.2) - is the most efficient one, and as expected the CI derived with Theorem (3.3) (Panel
c) has larger radius as it is a ‘robustification’ of Theorem (3.2). The CI derived with the
asymptotics obtained in Theorem (4.7) (Panel d) are slightly larger but similar to the one
obtained with restricted GMM, this is because we can regard the asymptotic distribution of
the ERM estimator as a constrained GMM estimator but with a different weighting matrix -
which is not optimum in terms of efficiency. Finally, (Panel d) shows the confidence interval
using the Wasserstein profile function; it shows both the ‘exact’ confidence interval and its
asymptotic approximation. (Panel e) only displays the asymptotic Wasserstein CI.
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Chapter 6

Conclusion

The main contribution of this thesis, besides the analysis of the asymptotics of the SCM esti-
mator - which is in its own a great contribution, is the introduction of the Robust Wasserstein
Profile Inference methodology. This is a novel approach, that recovers confidence region for
the estimate of interest, thus introducing a new form of making inference in statistics and
econometrics. We highlight that this approach may not be easily scalable, as it depends on
the form of the RWP function. However, a tractable approach is obtained by considering
the asymptotic Wasserstein confidence interval.

Note that the methods outlined in this work can be straightforwardly extended to in-
clude covariates to improve the estimation and inference procedure, as well as incorporate
heteroskedastic-consistent standard errors. The confidence regions are interpreted a la Man-
ski, meaning they were derived considering the worst-case scenario. This means that the
length of the confidence regions can be further tightened.

It is also worth noting that assumption (1.6) can be easily relaxed to allow for any other
functional relation, allowing for non-linearities or even non-parametric forms. The RWP
methodology is easily adapted to allow for such changes.

As in [ADH10], the computation of the weights can be simplified by considering only a
few linear combination of pre-intervention outcomes and checking whether assumption (1.2)
holds approximately for the resulting weights. Another possibility, is to modify the 2-norm
in the loss function replacing it with a norm induced by a matrix V. The choice of V' can be
data-driven. One possibility is to choose V' among positive definite and diagonal matrices
such that the mean squared prediction error of the outcome variable is minimized for the
pre-intervention periods (see [AGO03|, appendix B for details).

We want to emphasize that this methodology to recover confidence interval in SCM can
be adapted to any of the extensions mentioned in Chapter 1.

To illustrate the results of the thesis, we revisit the classic paper by [ADH10] and derived
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confidence intervals for the treatment effect by each of the methods outlined here. We see
that all methods are consistent between them, but some prove to be more efficient than
others.

An advantage of the confidence region obtained with the RWP function is that it contains
both an empirical risk minimizer and a distributionally robust minimizer - this is an attractive
feature as some SCM estimator variant, such as the proposed by [DI16] fall in this confidence
region. It is an interesting question to ask which other estimator variants also fall in this
confidence region.
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